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Lecture Series

Basic Boolean Algebra Oct 28th First hour

Advanced Boolean Algebra Oct 28th Second hour



Advanced Boolean Algebra

What will we learn?

� Boolean Decomposition

� Cofactors

� Boolean Derivatives and Applications� Boolean Derivatives and Applications

� Boolean Cubes

� Boolean Quantification and Applications



Boolean Decomposition: Motivation



Boolean Decomposition

� Shannon Expansion

� Preliminaries

� Let us say f is a Boolean function of n variables x1, x2, x3,…, xn

� Let B = {0,1} 

Then we write formally:

f : Bn → B

� Often the variables x1, x2, x3,…,xn are lumped together and 
called the support of f, or sup(f)

� A new function is obtained by setting one of the xi = constant

� Ex: f(x1,x2….,xi=1,…,xn)

� Ex: f(x1,x2….,xi=0,…,xn)

� Result is a new function that no longer depends on that variable (in 
these examples independent of xi)



Boolean Decomposition

� Shannon Expansion

� Preliminaries

� Let us say f is a Boolean function of n variables x1, x2, x3,…, xn

� Let B = {0,1} 

Then we write formally:

f : Bn → B

� Often the variables x1, x2, x3,…,xn are lumped together and 
called the support of f, or sup(f)

� A new function is obtained by setting one of the xi = constant

� Ex: f(x, y, z) = xy + xz’ + y(x’z + z’)

f(x=1, y, z) = y + z’ + yz’ = y + z’; f(x, y=0, z) = xz’

� Result is a new function that no longer depends on that variable (in 
these examples independent of xi)



Boolean Decomposition

� Shannon Cofactors

� The shannon cofactor with respect to xi is

f (x1, x2, … xi=1, xn) = fxi : positive cofactor 

f (x1, x2, … xi=0, xn) = fxi : negative cofactor 

� The cofactor fa of f by a literal a=xi or a=xi  is� The cofactor fa of f by a literal a=xi or a=xi  is

fxi (x1, x2, …, xn) = f (x1, …,  xi-1, 1, xi+1,…, xn)

fxi (x1, x2, …, xn) = f (x1, …,  xi-1, 0, xi+1,…, xn)

� f (x1, x2, … xi=1, xn) is written as f|xi
f (x1, x2, … xi=0, xn) is written as f|xi



Boolean Decomposition

� Shannon Expansion Theorem

�Given any Boolean function f(x1, x2, …, xn) and any xi in the  
support of f(), f() can be represented as:

f(x1, x2, …, xn) = xi fxi+ xi’ fxi’

� Ex: Let f(a, b, c) = ab + c;

a=1; fa = b+c;

a=0; fa’ = c;

afa + a’fa’ = a(b+c) + a’c = ab + c = f(a, b, c)



Boolean Decomposition

� Shannon Expansion

f(x1, x2, …, xn) = xi fxi + xi’ fxi’
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Boolean Decomposition

� Shannon Expansion: Multiple Variables

� Just keep on applying the theorem.

f(x, y, z, w)= x f(x=1)+ x’ f(x=0)

f(x=1) = yf(x=1,y=1) + y’f(x=1,y=0)

f(x=0) = yf(x=0,y=1) + y’f(x=0,y=0)f(x=0) = yf(x=0,y=1) + y’f(x=0,y=0)

f(x,y,z,w) = xyf(x=1,y=1)+x’y(x=0,y=1)+                    

xy’f(x=1,y=0)+x’y’(x=0,y=0)

Expanded around variables x and y



Boolean Decomposition

� Shannon Expansion: Multiple Variables

�Notations:

• Write f(x1, x2, … xi=1,… xj=0,… xn) as fxixj’

• Ditto for any number of variables xi, xj, xk,…

• The order does not matter: (fx)y = (fy)x = fxy 

• In the previous example• In the previous example

f(x,y,z,w) = xyf(x=1,y=1)+x’y(x=0,y=1)+xy’f(x=1,y=0)+         

x’y’(x=0,y=0) 

can be written as:

f(x,y,z,w) = xyfxy+ x’yfx’y+ xy’fxy’ + x’y’fx’y’



Shannon Expansion Examples

� Muliplexers Based on Shannon Expansion

� f(w1,w2,w3) = w1' (w2w3) + w1 (w2 + w3) is 

implemented using 2:1 MUX as:

w 1 w 2 

f 

w 3 

1 w 2 

0 

1 



Shannon Expansion Examples

� Let f(w1,w2,w3) = w1'w3' + w1w2 + w1w3

� Expand on w1:

f(w1,w2,w3) = w1' f(0, w2,w3) + w1f(1,w2,w3) 

= w1' (w3') + w1(w2 + w3)

implemented using 2:1 MUX as:

0 

1 



Shannon Expansion Examples

� Let f(w1,w2,w3) = w1'w3' + w1w2 + w1w3 (same as previous)

� Expand on both w1 and w3:

f(w1,w2,w3) = w1'w2'f(0,0,w3) + w1'w2f(0,1,w3) 

+w1w2'f(1,0,w3) + w1w2f(1,1,w3) 

= w1'w2'(w3')+w1'w2(w3')+w1w2'(w3)+w1w2(1)

implemented using 4:1 MUX as:



Properties of Cofactors

� Let F(x) and G(x) be two Boolean functions, where x = (x1,x2,…xn)

� Complement:

� Fx’ = (Fx)’  Cofactor of complement is complement of cofactor

� Binary boolean operators

� (F • G)x = Fx • Gx� (F • G)x = Fx • Gx

� (F + G)x = Fx + Gx

� (F ⊕ G)x = Fx ⊕ Gx

� These are true for ANY binary operator on Boolean functions

� These can often help in getting cofactors for complex formulas



Properties of Cofactors

� Let us consider the combination of cofactors

� Suppose we have F(x) and we get Fx and Fx’,

� Fx ⊕ Fx’ = ?

� Fx • Fx’ = ?

� Fx + Fx’ = ?

� These are true for ANY binary operator on Boolean functions

� These can often help in getting cofactors for complex formulas



Derivative

� Suppose we have y = f(x)

� Defined as slope of curve as a 
function of point x

f(x+Δ)

y y = f(x)

Δ

f(x)

x x+Δ

x
xk



Boolean Derivatives

y
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Real-valued f(x) : Binary-valued f(x) :

df/dx = fx ⊕ fx’

xi xk



� df/dx = XOR of the Shannon cofactors with respect to x

� For Boolean variables, it is usually written as ∂f/∂x

� Called the Boolean Difference of a function f w.r.t variable x

∂

Traditional algebra: speed Boolean algebra: change

x ∈{0,1}, f(x) ∈{0,1}

Boolean Difference
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� Boolean function:

Y = F(x) = F(x1, x2, … , xn)

� Boolean partial derivative:

Boolean Derivatives

),...,...(),...,...(
)(

11 nini

i

xxxFxxxF
x

XF
⊕=

∂

∂

),...0,...(),...1,...(
)(

11 nini

i

xxxFxxxF
x

XF
=⊕==

∂

∂



�Order of variables does not matter

� ∂f / ∂x ∂y = ∂f / ∂y ∂x 

� Derivative of XOR is XOR of derivatives

� ∂(f ⊕ g) / ∂x = ∂f/∂x ⊕ ∂g/∂x 

� If function f is actually constant (f=1 or f=0 for all inputs), then 

� ∂f/∂x = 0 for any x

� If f is a function of only x (only changing x can change f) then

Boolean Difference: Properties

� If f is a function of only x (only changing x can change f) then

� ∂f/∂x = 1

� If f is independent of x (i.e. change x, f never changes), then

� ∂f/∂x = 0

� ∂(f • g)/∂x =f • ∂g/∂x

� ∂(f + g)/∂x =f’ • ∂g/∂x

These are “similar” to the regular calculus on real numbers



� Note that AND and OR Boolean operations don’t always behave 
like MULTIPLICATION and ADDITION on real numbers

� Computing ∂(f • g)/∂x when f does depend on variable x 

� ∂(f • g)/∂x = f ∂g/∂x ⊕ g ∂f/∂x ⊕ (∂f/∂x . ∂g/∂x)

Boolean Difference: Properties

⊕ ⊕

� Computing ∂(f + g)/∂x when f does depend on variable x 

� ∂(f + g)/∂x = f’ ∂g/∂x ⊕ g’ ∂f/∂x ⊕ (∂f/∂x . ∂g/∂x)



Boolean Difference: Gate-level View

x

fx = 0;  fx’ = 1; 

∂f/∂x = fx⊕fx’ = 0⊕1 = 1

f = x’ x
y

f f = x y

fx = y;  fx’ = 0; 

∂f/∂x = fx⊕fx’ = y⊕0 = y

x f f = x + y x
f f = x ⊕ y

f

x
y

f f = x + y

fx = 1;  fx’ = y; 

∂f/∂x = fx⊕fx’ = 1⊕y = y’

x
y f

fx = y’;  fx’ = y; 

∂f/∂x = fx⊕fx’ = y’⊕y = 1

f = x ⊕ y

When ∂f/∂x = 1, then f changes as x changes 



Boolean Difference: Example

cout

a
b

cin
s1 bit FA

∂s/∂a = Sa⊕Sa’ = (b’⊕b) ⊕ (cin⊕cin) = 1 ⊕ 0 =1

∂cout/∂cin = coutcin⊕coutcin’ = (a+b) ⊕ ab = a ⊕ b

S = a ⊕ b ⊕ cin

cout = ab + (a+b)cin

s

out
a

b
2:1 
MUX

0

1
out = as’ + bs

∂out/∂s = outs⊕outs’ = b ⊕  a

∂out/∂a = outa⊕outa’ = (s’+bs) ⊕ bs = s’

� ∂f/∂x is a Boolean function, but it does not depend on x



Boolean Difference Application: Testing

X f(x)

� Figure out what inputs to apply to figure out the working

� Can’t afford to apply all possible inputs
� Ex: 50 inputs = 250 = 1000 trillion patterns

�We look at the manufacture process and figure out �We look at the manufacture process and figure out 
what actually breaks!

� These are defects

� Effect of defect is called a fault

� Modeling fault in the testing procedure is the fault model



Testing: Stuck-at model

a
b

c
x
e

f(a,b,c,x,e)



Testing: Stuck-at model

1

a
b

c

e

f(a,b,c,x,e)

x is sa1

� To test for stuck-at…..� To test for stuck-at…..

� A pattern of inputs that makes an output that is wrong, i.e., different what 
it should be if the fault was not present

� Usually try to generate tests to detect specific faults

� If there is  big list of possible faults, you generate a test set and ask what 
fraction of all the faults will get detected, called the fault coverage.

If you have a big list of possible faults, you generate a test set and ask



Testing: Stuck-at model

x=0

a
b

c

e

f(a,b,c,x,e)

If this line is to be tested for sa1, 
apply a 0 to it.

…then see if you get an output f  
that was wrong, i.e., it still looks like 
x was 1, though we know it was 0



Testing: Example

x=0

a
b

c

e

f(a,b,c,x,e)

� f(a,b,c,x,e) =  ab + cx’e’  

⊕ ⊕∂f/∂x = fx⊕ fx’ = ab ⊕ (ab +ce’) = a’ce’ + b’ce’

� Output is independent of x

� By changing values for x see if the output still depends on x; if so then 
x is faulty



The Boolean Space B
n

B = { 0,1},    B
2
= {0,1} X {0,1} = {00, 01, 10, 11}

BB00

BB11

BB22

Karnaugh Maps: Boolean Cubes:

31

BB33

BB44



Boolean Cubes

x

z

00 10

1101

x

z

y

110

111

000 100

001

010

011

101



Set of Boolean Functions

x y z

0 0 0    1

0 0 1    0

0 1 0    1

0 1 1    0

1 0 0  ⇒ 1z

• Truth Table or Function Table:

33

� There are 2n vertices in input space Bn

� There are 22
n

distinct logic functions. 

- Each subset of vertices is a distinct logic function:  f ⊆ Bn

1 0 0  ⇒ 1

1 0 1    0

1 1 0    1

1 1 1    0

x
yy

z



Boolean Cubes

� Boolean Cubes

x

z

y

110

111

000 100

001

010

011

101

� F(x,y,z) = xy + yz + xz

110

111

000 100

001

010

011

101

000 100 000 100

f = x f = x y f = x y z



Boolean Quantification

� Let F(x1,x2,……xi,…xn) = xiFxi + xi’Fxi’ be the Shannon expansion of F

� The Universal Quantification of F w.r.t variable xi is:

� (∀ xi F) [x1, x2,….xi-1, xi+1,……xn]

� ∀ sign is “for all” symbol from logic

� (∀ xi F) is a new function 

� The Existential Quantification of F w.r.t variable xi is:

∃

∀

� The Existential Quantification of F w.r.t variable xi is:

� (∃xi F) [x1, x2,….xi-1, xi+1,……xn]

� ∃ sign is “there exists” symbol from logic

� (∃ xi F) is a new function

� F has xi in its support, but (∀ xi F) and (∃ xi F) both omit xi



F(x,y,z) = xy + yz + xz

Universal Quantification or Consensus
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∀(∀x F)[y,z]=Fx•Fx’=(y+z)•yz=yz
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Existential Quantification - Smoothing

∃

F(x,y,z) = xy + yz + xz
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(∃x F)[y,z]=Fx+Fx’=(y+z)+yz=y+z
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F(x,y,z) = xy + yz + xz

Understanding Quantification

(∀x F)[y,z]=Fx•Fx’=(y+z)•yz=yz (∃x F)[y,z]=Fx+Fx’=(y+z)+yz=y+z

110

111

001

010

011

101

110

111

001

010

011

101

110

000 100

110

000 100

� Properties:

� Suppose we have F(x,y,z,w): 

� (∀ xy F)[z,w]= (∀x (∀y F)) = Fxy • Fx’y • Fxy’ • Fx’y’

� (∃  xy F)[z,w]= (∃x (∃y F)) = Fxy + Fx’y + Fxy’ + Fx’y’ 



Meaning of Quantification Notation

F(x=0)

0 x

1 x

F(x=1)

AND

(∀ x F)[all original vars but x) == 1

Fx’ • Fx

F(x=0)

0 x

1 x

F(x=1)

OR

(∃ x F)[all original vars but x) == 1

Fx’ + Fx



Quantification Application: Network Repair

� Suppose we have to implement f(a,b) = ab + b’

� But we implemented it wrong…in particular we got ONE gate wrong

ab + b’

Got

?? g(a,b)

Specified

f(a,b)
a

b

a
b

� Can we deduce how precisely to change this gate to restore the 
correct functionality?



Quantification Application: Network Repair

� Clever trick is to replace the suspect 
by a 4:1 MUX with 4 arbitrary new 
variables 

� By cleverly assigning values to do, d1, 
d3, d3, we can fake any gate

� What are the right values for d so that 
g is repaired 

?? g(a,b)

a
b

Replace with

G(a,b,d0,d1,d2,d3)

a
b

MUX

s0s1

d0
d1

d2

d3

00

10

11

01



Implementing gate with a MUX

AND
MUX

s0s1

y

x

00

10

11

01
0

0

1

0

y

XOR
MUX

s0s1

y

x

00

10

11

01
0

1

0

1



Network Repair Using Quantization

G(a,b,d0,d1,d2,d3)
a
b

MUX

s0s1

d0
d1

d2

d3

00

10

11

01

� Make a new function Z(a,b,d0,d1,d2,d3) 
that is equal to 1 when G===f)

f(a,b)a
b

exnor
(==)

Z(a,b,d0,d1,d2,d3)



Network Repair Using Quantization

s0s1

� Nothing but find values for d0,d1,d2,d3 such Z(a,b,d0,d1,d2,d3) = 1 
(for all possible values of a,b)

� This is nothing but any pattern of d0,d1,d2,d3 that makes                 
(∀ ab Z)[d0,d1,d2,d3] == 1

� Universal quantification (consensus) of Z w.r.t variables a,b!

f(a,b)
a
b

G(a,b,d0,d1,d2,d3)

a
b

MUX

s0s1

d0
d1

d2

d3

00

10

11

01

exnor
(==)

Z(a,b,d0,d1,d2,d3)



Advanced Boolean Algebra

What did we learn?

� Boolean Decomposition

� Cofactors

� Boolean Derivatives and Applications� Boolean Derivatives and Applications

� Boolean Cubes

� Boolean Quantification and Applications


